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Abstract
In the linear representation of the desarguesian plane PG(2; q2) in PG(5; q), the classical
unital (the hermitian curve) is represented by an elliptic quadric ruled by lines of a normal
spread. In this paper, we prove that a Buekenhout–Metz unital U in PG(2; q2), arising from an
elliptic quadric, is represented in PG(5; q) by an algebraic hypersurface of degree four minus the
complement of a line in a three-dimensional subspace. Also, such a hypersurface is reducible if
and only if U is classical.
c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
Let PG(2; q2), q=pn with p any prime, denote the desarguesian projective plane
of order q2. A unital U in PG(2; q2) is a set of q3 + 1 points meeting each line in
either 1 or q + 1 points. U is called classical if it is projectively equivalent to the
hermitian curve (the set of absolute points of a unitary polarity). In [4] Buekenhout,
using the Andr<e representation of PG(2; q2) in PG(4; q), constructed a family of unitals.
He proved that such a family contains classical unitals for every prime power q and
non-classical unitals for q¿2, q even and non-square. Metz [6] extended this result
to every prime power q¿2. The unitals constructed in [4] are called Buekenhout–
Metz unitals. All the known unitals (in desarguesian planes) are Buekenhout–Metz
unitals.
Barwick et al. [2] studied Buekenhout–Metz unitals and Baer subplanes of the
desarguesian plane PG(2; q2h) using the Andr<e representation of PG(2; q2h) in PG(4h; q).
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In particular, they proved that a classical unital in PG(2; q2h) corresponds to a set of
points in PG(4h; q) which is the intersection of 4h quadrics.
In this paper, we study Buekenhout–Metz unitals in the “linear representation” of
PG(2; q2) in PG(5; q).
Let S be a normal line spread of PG(5; q). The plane PG(2; q2) is isomorphic to the
following incidence structure: the points are the elements of S, the lines are the line
spreads induced by S on the three-dimensional spaces joining two distinct elements
of S, and incidence is natural. In this representation of PG(2; q2), a classical unital is
obtained from an elliptic quadric of PG(5; q) ruled by lines of S (see e.g. [8]). Here
we show that a Buekenhout–Metz unital, arising from an elliptic quadric, is represented
in PG(5; q) by an algebraic hypersurface of degree four minus a complement of a line
in a three-dimensional subspace. Also, such a hypersurface is reducible if and only if
the unital is classical.
2. Representations of PG(2; q2) in PG(4; q) and in PG(5; q)
Let ∞=PG(3; q) be embedded as a hyperplane in =PG(4; q) and let S be a
regular spread of ∞. DeGne an incidence structure as follows: the points are the
points of \∞, the lines are the planes of  which do not lie in ∞ and meet ∞
in a line of S, and incidence is natural. This incidence structure is a desarguesian
aHne plane AG(2; q2) and can be completed to a projective plane (S)=PG(2; q2)
by addition of the line l∞ whose points are the elements of S. This is the classical
construction due to Andr<e [1] (see also [3,7]).
The plane PG(2; q2) can also be represented in PG(5; q) by using a normal spread.
Let S′ be a line spread of ′=PG(5; q). S′ is called normal if it induces a line spread
on each three-dimensional subspace of ′ joining two elements of S′. The incidence
structure I(S′), whose pointset is S′ and whose lines are the line spreads induced
by S′ on the three-dimensional spaces joining two elements of S′, is a desarguesian
plane of order q2 which is called the linear representation of PG(2; q2) in PG(5; q)
[7,5]. Let  be a hyperplane of ′. It contains exactly one three-dimensional subspace
∞ of ′ representing a line of the plane I(S′). Let S be the regular spread of ∞
induced by S′ and consider the plane (S) whose pointset is (\∞)∪S. The map
 : l∈S′→ l∩
is an isomorphism between the planes I(S′) and (S). Therefore, if U is a
Buekenhout–Metz unital in the plane (S),  −1(U) is a Buekenhout–Metz unital
in the plane I(S′). In the next section, we study the representation of  −1(U) in
PG(5; q).
3. Buekenhout—Metz unitals
Let ∞=PG(3; q) be embedded as a hyperplane in =PG(4; q). Let S be a regular
spread of ∞ and let (S) be the desarguesian plane obtained from S. Choose an
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element l of S and two distinct points P and T on l. Fix an ovoid O in some three-
dimensional subspace of  not containing P and meeting ∞ exactly in the point T .
Consider the ovoidal cone U′ of vertex P and base O. The set of points U in (S)
corresponding to U′ is a Buekenhout–Metz unital which is tangent to l∞ at the point
l [4]. In the following, we will only consider Buekenhout–Metz unitals arising from
an ovoidal cone whose base ovoid is an elliptic quadric. Note that the ovoidal cone in
PG(4; q) associated with a classical unital has an elliptic quadric as the base cone [4],
and there exist (for all q¿2) non-classical Buekenhout–Metz unitals whose associated
cone has base cone an elliptic quadric [6].
Let (x0; x1; : : : ; x4) be the homogeneous projective coordinates in  and let ∞ be
the hyperplane with equation x4 = 0. Let  be an element of GF(q2)\GF(q) whose
minimal polynomial over GF(q) is x2 − x −  with ; ∈GF(q), so that {1; } is a
base for GF(q2)=GF(q)() over GF(q). Consider the map
’(x0; x1; x2; x3; 0)∈∞→ (x0 + x1; x2 + x3)∈PG(1; q2):
The set S= {’−1(p): p∈PG(1; q2)} is a regular spread of ∞ and (up to isomor-
phisms) every regular spread of ∞ can be constructed in such a way. Let l be the
line of S with equations
x0 = 0;
x1 = 0;
x4 = 0;
i.e., l=’−1(p) with p=(0; 1), and let P and T be the points of l with coordinates
(0; 0; 1; 0; 0) and (0; 0; 0; 1; 0), respectively. Let M be the three-dimensional subspace of
 with equation x2 = 0 and let Q be an elliptic quadric of M meeting ∞ exactly in
the point T . By choosing a suitable projective frame of , we can suppose that Q has
equation in M
x20 + ax
2
1 + bx0x1 + cx3x4 = 0;
where a; b; c∈GF(q), c 	= 0 and the polynomial x2 + bx+ a is irreducible over GF(q).
The same equation in  represents the cone U′ with vertex P and base Q.
Let ′=PG(5; q) and suppose that ′ contains  as hyperplane with equation x5 = 0.
By using the following map
 : (x0; x1; x2; x3; x4; x5)∈′→ (x0 + x1; x2 + x3; x4 + x5)∈PG(2; q2);
we obtain a normal spread S′= {−1(p): p∈PG(2; q2)} of ′ which contains
the regular spread S of ∞. Hence, we can consider the projective plane I(S′).
If R=(x0; x1; : : : ; x5) is any point of ′, then the unique line lR of S′ passing
through R is
−1((R))
={V =(y0; y1; : : : ; y5): (V )= (x0+x1; x2+x3; x4+x5); ∈GF(q2)∗}
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and, if = 0 + 1 (0; 1 ∈GF(q)), then lR has equations:
y0 = 0x0 + 1x1;
y1 = 0x1 + 1x0 + 1x1;
y2 = 0x2 + 1x3;
y3 = 0x3 + 1x2 + 1x3;
y4 = 0x4 + 1x5;
y5 = 0x5 + 1x4 + 1x5:
In order to obtain the representation of the unital U in PG(5; q), we consider the lines
of S′ meeting the cone U′. If M is a point of U′\l, that is M =(x0; x1; x2; x3; 1; 0)
with
x3 =−1c (x
2
0 + ax
2
1 + bx0x1)=−
1
c
h(x0; x1);
then lM has equations:
y0 = 0x0 + 1x1;
y1 = 0x1 + 1x0 + 1x1;
y2 = 0x2 − 1 1c h(x0; x1);
y3 =−0 1c h(x0; x1) + 1x2 − 1
1
c
h(x0; x1);
y4 = 0;
y5 = 1
and hence
y0 =y4x0 + y5x1; (1)
y1 =y5x0 + (y4 + y5)x1; (2)
y2 =y4x2 − c y5h(xo; x1); (3)
y3 =−1c (y4 + y5)h(x0; x1) + y5x2: (4)
From (1) and (2) we have
x0 =
y0(y4 + y5)− y1y5
g(y4; y5)
; (5)
x1 =
y4y1 − y0y5
g(y4; y5)
; (6)
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where g(y4; y5)=y24 + y4y5− y25. If y5 	= 0, then from (4) and (3) we obtain
x2 =
cy3 + (y4 + y5)h(x0; x1)
cy5
and
c(y2y5 − y4y3)= g(y4; y5)h(x0; x1):
Substituting (5) and (6) in the previous equation and multiplying both sides by
g(y4; y5), we obtain the following homogeneous equation of degree four:
F(y0; y1; : : : ; y5) = c(y24 + y4y5− y25)(y2y5 − y4y3)
− (y0y4 + y0y5− y1y5)2−a(y4y1 − y0y5)2
− b(y0y4 + y0y5− y1y5)(y4y1 − y0y5)= 0: (7)
Let F∗ be the hypersurface of ′ with Eq. (7). It is easy to see that F∗ contains the
subspace ∞. By construction, F∗ is union of elements of S′ and U∗=F∗\(∞\l)
is the union of elements of S′ corresponding to the unital U in the linear representation
of the plane PG(2; q2). So, we have proved the following result.
Theorem 1. A Buekenhout–Metz unital arising from an elliptic quadric is represented,
in the linear representation of PG(2; q2) in PG(5; q), by an algebraic hypersurface of
degree four minus the complement of a line in a three-dimensional subspace.
If U is a classical unital, then U∗ is an elliptic quadric (see e.g., [8]), and hence
F∗ is reducible. It is also possible to prove the converse.
Theorem 2. If F∗ is reducible over some extension of GF(q), then U is a classical
unital.
Proof. By studying the derivatives of F(y0; y1; : : : ; y5), the singular points of F∗ in ′
are all points of ∞. Hence the set of singular points of F∗ in PG(5;K) (whereK is
the algebraic closure of GF(q)) contains the three-dimensional subspace ∞. So, if F∗
is reducible over some extension of GF(q), it contains a hyperplane  passing through
∞. Since the hyperplane y5 = 0 is not contained in F∗, we can suppose that  has
equation y4 =!y5, with !∈K . In this case the polynomial F(y0; y1; y2; y3; !y5; y5)
is identically zero and this implies
!2 + !− =0;
(!+ )2 − b(!+ ) + a=0:
This system gives
!(− b) + 2 − b+ a+ =0: (8)
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Since the polynomial x2− x−  is irreducible over GF(q), x2 + x−  has no zeroes
over GF(q), and hence ! 	∈GF(q). Then, from (8), we have b=  and a= −. In this
case (7) becomes
(y24 + y4y5− y25)[c(y2y5 − y4y3)− (y20 + y0y1 − y21)]= 0;
i.e., F∗ is reducible and its components in ′ are ∞ and the elliptic quadric Q∗ with
equation
c(y2y5 − y4y3)− (y20 + y0y1 − y21)= 0:
Since Q∗ contains the line l, then U∗=Q∗, that is the unital U is represented in
PG(5; q) by the elliptic quadric Q∗. Thus, U is classical.
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